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Abstract
The eﬀect of a linear applied shear stress gradient on the yield stress of a dislocation pileup is investigated analyti-
cally using the continuum theory of dislocation pileups. The solution agrees well with numerical discrete dislocation
simulations of a single source-obstacle pair. A lower order continuum viscoplastic theory and the ﬁinite element imple-
mentation of the basic concept of stress gradient plasticity is described and the numerical model is applied to examine
plasticity size eﬀects in beam bending and micro/nano-indentation. The numerical results capture several aspects of the
deformation behavior that are commonly observed in these experiments, thus laying the foundations for a full continuum
theory of stress gradient plasticity.
c© 2013 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of Marc Geers and Lallit Anand.
Keywords: plasticity, size-scaling, gradient eﬀects, continuum mechanics, constitutive models
1. Introduction
It is widely accepted now that the ﬂow stress in metals increases in material volumes on the micron
scale and below. Several experiments such as micro- and nano-indentation hardness [1, 2], ﬂow strength
of nano-crystalline metals [3], bending and torsion of thin beams and wires [4, 5], nano and micro-pillar
compression [6] and nano-asperities [7] provide unequivocal evidence that the measured ﬂow stress is de-
pendent on the loading arrangement and specimen dimensions. However, design of essentially all metallic
components relies on classical continuum plasticity, which is size independent and incapable predicting
these eﬀects. This has led to the development of phenomenological strain gradient plasticity (GP) mod-
els and discrete dislocation models. GP models postulate that one origin of size eﬀects is attributable to
geometrically necessary dislocations (GNDs) associated with plastic strain gradients, and introduce a phe-
nomenological dependence of strengthening and/or hardening and an associated length scale that controls
the magnitude of these eﬀects [8–11]. However, no clear physical identiﬁcation of material length scales
controlling size dependence exists, in spite of wide speculation on possible candidates [12]. Although GP
models are embedded into classical models of plasticity and can adjust the length scale to ﬁt experiments,
∗Corresponding author. E-mail address: s.chakravarthy@neu.edu; william.curtin@epﬂ.ch.
© 2013 Published by Elsevier Ltd. Open access under CC BY-NC-ND license.
Selection and/or peer-review under responsibility of the Organizing Committee of The 23rd International Congress of Theoretical 
and Applied Mechanics, ICTAM2012
454   Srinath S. Chakravarthy and William A. Curtin /  Procedia IUTAM  10 ( 2014 )  453 – 461 
they are unable to reproduce diﬀerent experiments using the same length scale and diﬀerent models predict
diﬀerent length scales for the same material and test [12]. Recently we have proposed a new model, stress
gradient plasticity (σGP), that arises naturally from the analysis of dislocation pileups in source–obstacle
conﬁgurations in a stress gradient [13]. The average obstacle spacing immediately emerges as the material
length scale controlling strengthening in the presence of a stress gradient. The model and analysis thus
deviate from current thinking that attributes size eﬀects solely to GNDs, focusing instead on the dislocation
obstacles that actually control ﬂow strength. The model was successful in quantitatively capturing multiple
features of deformation behavior observed in experiments on bending and torsion [13].
In this paper, we focus on the continuum implementation of the stress gradient plasticity model and
apply it to predict deformation behavior in beam bending and indentation showing the origin of hardening.
The σGP model predicts both strengthening and hardening, and the origins of the hardening are discussed.
Moreover, the predictions agree with experimental trends in strength vs. size in both types of experiments
and show the relationship between the underlying material length scale and the apparent length scale emerg-
ing from ﬁts of experimental data to phenomenological models. This paper is organized as follows. In the
next section we solve the the continuum source/obstacle problem in a spatially varying applied stress ﬁeld
and outline the basic concept of stress gradient plasticity. In Sect. 3 we describe the continuum implemen-
tation of σGP into a continuum viscoplastic theory in a manner similar to lower order GP theories. In Sect.
4 we present and discuss results of the continuum model for bending of thin beams and indentation. In Sect.
5 we draw some conclusions.
2. Stress gradient plasticity model for initial yielding
We start with the analysis of the dislocation pileup experiencing a linear spatially varying gradient in
the local “applied” stress acting on the pileup. The problem is shown schematically in Fig. 1 and dis-
locations pileup at obstacles located at x = ±Lobs/2 on either side of a source located at x = 0 emitting
dipoles. For simplicity here, we assume that the source strength is zero, i.e. the source will emit dipoles
if the resolved shear stress acting on the source is greater than zero. Dislocations can pass the obstacles
and generate macroscopic plastic ﬂow when the stress on the leading dislocation in the pileup exceeds the
obstacle strength τobs. Within a classical isotropic continuum model of a dislocations pileup there is a dislo-
cation density n(x) between the two obstacles [14]. Under a spatially varying applied shear stress τ(x), the
equilibrium dislocation density satisﬁes the integral equation
τ(x)b + μb
2
2π(1 − ν)
∫ Lobs/2
Lobs/2
n(x′)
x − x′ dx
′ = 0, (1)
where μ is the shear modulus, b is the Burgers vector and ν is the Poisson’s ratio. For a linearly varying
applied stress, τ(x) = τapp(1−χx), Eq. (1) can be solved analytically [15], giving the equilibrium dislocation
density n(x) as
n(x) = −τapp2(1 − ν)
iμ
x − χx2 + χL2
obs/8√
x2 − L
2
obs
4
. (2)
The force on the pinned dislocations at ±Lobs/2 can be calculated as [16, 17]
F(±Lobs/2) = −b2
μπ
2(1 − ν) limx→±Lobs/2(x ∓ Lobs/2)(n(x))
2. (3)
The yield stress (τ′Y) for this conﬁguration is then the applied stress τapp at x = 0 that is required for the
leading dislocation to overcome an obstacle of strength τobs at x = Lobs/2. Equation (3) is used to solve for
the “yield stress” τapp = τ′Y by setting F(Lobs/2) = τobsb to give
τ′Y =
√
4μb
π(1 − ν)
τobs
Lobs
1
(1 − χLobs/4) . (4)
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When τapp < τ′Y backstresses from dislocations pileup up at x = Lobs/2 prevent source operation, but when
τapp  τ′Y the dislocations move past the obstacle, the source emits additional dislocations and plastic ﬂow
ensues. Under a uniform applied load τ(x) = τapp (i.e. χ = 0), Eq. (3) force expression yields the classic
dislocation pileup result [14, 17]
τ0Y =
√
4μb
π(1 − ν)
τobs
Lobs
. (5)
The shear yield stress in the presence of linear gradient in the stress can thus be expressed as [13]
τ′Y =
τ0Y
(1 − χLobs/4) . (6)
Equation (6) predicts that the yield stress increases with gradient χ and is also controlled by a spacing
between obstacles Lobs. This length Lobs is the material length scale controlling the magnitude of the stress-
gradient enhancement of the yield stress above the yield stress τ0Y that would be obtained in a uniaxial
tension/compression test where χ = 0. Equation (6) was previously validated using discrete dislocation
simulations of the same source-obstacle conﬁguration as shown in Fig. 1 [13].
Fig. 1. Schematic of dislocation pile up at obstacles on either side of the source at x = 0, under the inﬂuence of a linearly varying
stress with gradient parameter χ
The above analysis assumes that until the yield stress is reached (τapp < τ′Y) all dislocations remain
within ±Lobs/2. However, the force on the leading dislocation at x = −Lobs/2 allows it to pass the obstacle
at τleft = τ0Y/(1 + χLobs/4). When opposite-signed dislocations escape from the obstacle at x = −Lobs/2,
the total stress on the dislocation at x = Lobs/2 increases, thereby decreasing the applied stress required to
overcome τobs. Because the number of dislocations passing the left obstacle is limited, their contribution
to the macroscopic plastic strain is negligible. No analytical progress can be made when dislocations are
allowed to escape from the left obstacle. However, in the limiting situation χLobs → 4, all dislocations on
the left side can escape and the dislocation pileup will resemble a single-sided pileup. The yield stress for
this conﬁguration of a source and one obstacle at x = Lobs/2 can be determined as
τ′Y =
1√
2
√
4μb
π(1 − ν)
τobs
Lobs
1
(1 − χLobs/4) . (7)
Equation (7) predicts that the strength of a single sided pileup diﬀers from Eq. (6) by a factor of 1/√2.
Therefore in order to capture the limits when both obstacles are overcome simultaneously (χ = 0) and
single sided pileup (χLobs = 4), we propose an ad-hoc form for the yield stress as
τ′Y =
τ0Y
(1 − χLobs/4)
1
(1 + χLobs/4)1/2 . (8)
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Both Eqs. (6) and (8) predict that the yield stress is inﬁnite when χLobs = 4. Physically when χLobs = 4,
the applied stress τ(x = Lobs/2) = −τapp/2, and τ(x = Lobs/4) = 0. Therefore dislocations aggregate around
x = Lobs/4 and do not reach the obstacle at x = Lobs/2, predicting inﬁnite strength. Figure 2 shows that
Eq. (8) is in near perfect agreement with explicit discrete dislocation simulations, including the divergence
as χLobs → 4. Equation (8) thus preserves the essential features of Eq. (6).
Fig. 2. Comparison of DD results for a single source surrounded by equispaced obstacles in a stress gradient, for all values of
τY  2τS, when dislocations are allowed to escape from the obstacle at x = Lobs/2, with Eq. (8)
3. Continuum σGP implementation
We have previously tested the validity of the σGP predictions (Eq. (6)) using 2D DD simulation sam-
ples containing large statistical ensembles of sources and obstacles loaded in pure bending [13]. These
results show that Eqs. (6) and (8) are valid for predicting the intial yield stress for a “macroscopic” sample.
From a continuum perspective the model is therefore a model for the local yield stress enhancement of a
material beding loaded in geometries that generate spatially varying stress ﬁelds. We can incoporate this
dislocation-source-obstacle eﬀect into a continuum model by including the gradient term (1 − χLobs/4) or
(1 − χLobs/4)
√
1 + χLobs/4 in a modiﬁed yield criteria within a lower order viscoplastic continuum model,
similar to the literature for GP models [18, 19]. Such a model is not a complete theory, but permits a
preliminary investigation of size eﬀects predicted due to σGP without the need for higher-order terms and
higher-order boundary conditions. Our results shown below thus provide the impetus for further develop-
ment of a full continuum model.
We use a standard viscoplastic model [19]. For an isotropic material with elastic modulus E, Poisson’s
ratio ν, and assuming small strains and rotations, the total strain rate is decomposed into the sum of elastic
and plastic strain rates as
˙i j = ˙eli j + ˙
pl
i j . (9)
Decomposition of the stress into a volumetric part σkk/3 and a deviatoric part si j = σi j − σkk/3δi j gives the
volumetric and deviatoric strain rates to be
˙kk = σ˙kk
ν
E
(10)
and
e˙i j =
1 + ν
E
s˙i j +
3˙p
2σe
si j, (11)
where σe =
√(3/2)si j si j is the eﬀective stress. ˙p is the eﬀective plastic strain rate and is given by
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˙pl = ˙
(
σe
σ′Y f (pl)
)m
, (12)
where ˙ =
√(2/3)˙i j˙i j is the eﬀective total strain rate, and σ′Y = σ0Y/(1 − χLobs/4) as in Eq. (6) or
σ′Y = σ
0
Y(1+χLobs/4)−1/2/(1−χLobs/4) as in Eq. (8), with σ0Y the tensile yield stress, σ′Y f (pl) the uniaxial
stress–strain curve including hardening through f (pl) = (1+pl/0)N with strain hardening exponent N, and
m the rate exponent. Although this theory is rate-dependent, the choice of the rate exponent m > 15 renders
such a lower order theory essentially rate-independent [19].
At the continuum level, the stress gradient is the gradient of the eﬀective stress. In principle, it can
be computed as χ =
√∇σe · ∇σe/σe. However, such a point-wise gradient can not be applied at scales
comparable to the underlying material length scale Lobs since the continuum is a homogenized representation
of a material with internal length scales. Thus the gradient χ(x, y) at any point (x, y) must represent the
averaged gradient over the scale of Lobs. We therefore use an averaged measure of the gradient around point
(x, y) given by
χ¯(x, y) = 1
L2
obs
∫ ∫ Lobs/2
−Lobs/2
χ(x, y). (13)
We note that this averaging renders the theory non-local for important physical reasons. However, this
feature will complicate the future development of higher-order theories.
The procedure for calculating the average of the spatial gradient within a ﬁnite element framework is as
follows. Figure 3 shows a schematic of 2D ﬁnite element computation of the average gradient. For a point
(x, y) at which the average gradient is to be computed, boundaries at x ± Lobs/2 and y ± Lobs/2 and elements
within the boundary are identiﬁed. The areal average of the gradient (Eq. (13)) is then given by
χ¯(x, y) =
∑
e=1,2,···,n χ¯eAe∑
e=1,2,···,n Ae
, (14)
where n is the number of elements within the boundary, χ¯e is average of the gradient within element e and
Ae is the elemental area within the boundaries. χe and Ae are computed using the elemental shape functions
using standard ﬁnite element integrations.
Fig. 3. Schematic of 2D ﬁnite element computation of the average gradient of the eﬀective stress at a point. The shaded area represents
the area over which the gradient is averaged
In numerical simulations, the value of χ → ∞ as σe → 0. In the σGP model, χ is a normalized stress
gradient and the analytic model diverges when χLobs < 4. In numerical simulations, χLobs is thus set equal
to 3.95 when χLobs > 3.95. In all simulations performed, the cutoﬀ arises in regions where σe 
 σ0Y, i.e. in
the elastic regime far from where yielding is occuring in the sample, and so the cutoﬀ plays no role in any
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aspect of the deformation behavior. We have performed numerical calculations where the cutoﬀ criteria is
modiﬁed such that χLobs = 0 when σe < 0.01σ0Y and the results are identical to those presented below.
4. Continuum results
4.1. Bending of thin beams
We now demonstrate operation of the σGP model in beam bending, one of the canonical experiments
revealing size eﬀects in plasticity [4, 20, 21]. A beam of thickness h is subjected to plane strain bending in
the (x, y) plane with the x axis being the neutral axis of the beam. In pure bending, the stress distribution
prior yielding is linear through the beam thickness and the spatial stress gradient at the top ﬁber of the beam
is χ = 2/h. σGP (Eq. (6)) thus predicts that the initial yield stress of the beam is
σ′Y =
σ0Y
1 − Lobs/2h , (15)
where σ0Y is the yield stress in uniaxial tension. We have shown in earlier work that DD simulations in pure
bending agree very well with σGP prediction [13]. Assuming the beam is subject to a constant curvature
rate κ˙, the total moment can be obtained using
M =
∫ h/2
−h/2
σxxydy. (16)
Figure 4 shows the normalized bending moment M/(σ0Yh2) versus the normalized curvature κh/2, for var-
ious values of Lobs/h. Lobs/h = 0 corresponds to the size independent plasticity prediction. Furthermore,
Lobs/h = 2.0 gives purely elastic behavior within the stress gradient theory. Figure 4 shows clearly the
elevation of the initial yield stress and increase in hardening with Lobs/h, both characteristic features of a
number of experimental results. Figure 5a shows the stress (σxx) and Figure 5b the normalized plastic strain
(pl/0) distribution through the thickness of the beam for various values of the applied curvature. The stress
distribution is linear before yielding and yielding begins at the outer ﬁber of the beam at a value of χ = 2/h
consistent with Eq. (15). With increasing curavature, the plastic zone moves in toward the center of the
beam. The non-yielded material in the central region must carry a higher applied load such that the stress
gradients are larger and, therefore, the yield stress is also larger. Stress gradient plasticity thus predicts that
continued yielding of the beam requires increasing applied load, i.e. hardening behavior. This mechanism
of hardening emerges naturally as a consquence of the σGP model and is completely diﬀerent from the
mechanism suggested by GP theories.
Fig. 4. Plot of surface stress normalized by the tensile yield stress ¯M/σY = 3M/2h2/σ0Y versus the surface strain κh/2 for diﬀerent
values of Lobs/h, with material properties, E = 100GPa, ν = 0.3, N = 0.05 and m = 20
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Fig. 5. (a) Stress distribution through the beam thickness; (b) χLobs distribution through the beam, Lobs/h = 1.0, for diﬀerent values
of κh/2
4.2. Axisymmetric indentation
Now we use σGP to predict the deformation in micro/nano-indentation of metals, an experiment in
which plasticity size eﬀects are manifest [2, 22]. In almost all experimental measurements, the indentation
hardness H at depths d greater than 300 nm, scales with the indentation depth as [9](
H
H0
)2
= 1 +
l∗
d , (17)
where H0 is the size independent hardness at very large indentaion depths and l∗ is a ﬁtted length scale
parameter. A successful theory should predict this scaling and identify the physical meaning of the ﬁtted
length scale l∗.
We model the indentation process as one of axisymmetric indentation with a rigid indenter with a tip
radius R = 0.2 μm, with a half angle of 70.3◦. A frictional sliding contact model is used which allows sliding
between the contact surfaces without interpentration and friction between the indenter and the indented
material is neglected. The hardness is measured as the mean contact pressure, which is the total contact
force divided by the contact area. Figure 6 shows the square of the indentation hardness, normalized by
the indentation hardness computed using Lobs = 0, versus the inverse of the indentation depth. Figure 6
shows that the indentation hardness increases with Lobs and for depths greater than 200 nm agrees well with
Eq. (17). The eﬀect of indenter tip radius and other physical mechanisms beyond the scope of this paper
become important at smaller indentation depths. It should be noted that there is a qualitative agreement
between the shape of the curves shown in Fig. 6 and experimental data over the entire range [9, 23, 24].
Proceeding quantitatively, we ﬁt the computed results to a linear function as in Eq. (17), and obtain the
apparent length scale l∗. We ﬁnd that the apparent length scales linearly with the internal material length
scale, with a ratio of approximately 10, i.e. l∗ ≈ Lobs/10. Therefore, the indentation test directly reveals
the existence of the internal length scale, although we have no interpretation for the factor of 10 found here
(there is no a priori reason that this ratio should take on any particular value, however). Figure 7 shows the
equivalent stress normalized by the uniaxial tensile yield stress versus the distance along along x = 0 for
two diﬀerent Lobs and three diﬀerent indentation depths. The total plastic strain is controlled by the rigid
indenter and at the same indentation depth, the plastic strain is exactly the same for diﬀerent Lobs, leading to
identical contact areas for diﬀerent Lobs. As seen from Fig. 7 the stress underneath the indenter is larger for
larger Lobs at small indentation depths. At small indentation depths, χLobs is larger for larger Lobs and the
yield stress is higher. Therefore, the contact force (and hardness) is higher for larger Lobs. Thus, the origin
of the size-dependent hardening bears some similarity to the hardening found in bending. As the indentation
depth increases, the stress gradients along the plastic front decrease, leading to a lower stress gradient and
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therefore a lower yield stress, and thus easier yielding and lower hardness. At larger indentation depths, the
stresses approach the size-independent value associated with Lobs = 0.
Fig. 6. Square of the indentation hardness, normalized by indentation hardness with Lobs = 0, versus inverse indentation depth for
diﬀerent Lobs. Linear ﬁts to data for d > 250 nm are shown. The apparent length scale l∗ obtained from the linear ﬁt is also shown and
is proportional to the material length scale Lobs
Fig. 7. Normalized equivalent stress distribution (σe/σ0Y) along x = 0 for diﬀerent indentation depths, with the inset showing a
schematic of the indentation geometry and coordinate system. Solid lines Lobs = 0.1 μm; dashed lines Lobs = 0.6 μm
5. Conclusions
We have derived the stress gradient plasticity concept through analysis of the behavior of dislocation
source/obstacle pileup conﬁgurations. We have shown that an analytic model for strengthening is in ex-
cellent agreement with discrete dislocation models of such pileups, including the eﬀect of escape of some
dislocations past the higher-stress side of the pileup, with the obstacle spacing Lobs being the fundamental
material length scale that governs stress gradient eﬀects. We have then discussed the basic implementation
of the σGP model within a low-order viscoplastic continuum model, and applied that model to study size-
dependent plasticity in pure bending and axisymmetric indentation. In pure bending, the model predicts
an increase in ﬂow stress and then further hardening as a function of Lobs relative to the beam thickness,
with the hardening emerging due to the increasing stress gradients inside the beam as yielding on the outer
ﬁbers occurs. In axisymmetric indentation, the model predicts the scaling of hardness versus indentation
depth observed in many experiments, and with the apparent length scale directly related to the underlying
material length scale Lobs in the model. The stress gradient plasticity model thus makes predictions con-
sistent with the two most canonical problems in plasticity size eﬀects, with no adjustable parameters and
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a clear physical interpretation of the material length scale. Stress gradient plasticity is complementary to
strain gradient plasticity. There are likely deformation geometries and/or regimes of loading/plastic strain in
which both contribute to the mechanical response and others where one mechanism is dominant. The focus
of this paper has been on the new stress gradient concept, and serves as the motivation for a more complete
development of continuum gradient plasticity models so that plasticity size eﬀects can be described using
standard continuum engineering structural design tools.
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